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separation algorithms. By the MMI, the mutual information (MI) of the outputs is minimizedto �nd the de-mixing matrix. This approach is based on the established ICA theory (Comon1994). The MI is one of the best contrast functions since it is invariant under transforms such asscaling, permutation, and componentwise non-linear transforms. Since scaling and permutationare indeterminacy in the blind separation problem, therefore, it is desirable to choose a contrastfunction which is invariant to these transforms. All the global minima (zero points) of the MIare all possible solutions to the blind separation problem. By the ME approach, the outputs ofthe de-mixing system are �rst componentwise transformed by sigmoid functions, and then thejoint entropy of the transformed outputs is maximized to �nd a de-mixing matrix. The on-linealgorithm derived by the ME is concise and often e�ective in practice. But the ME has notyet been rigorously justi�ed except for the case when the sigmoid functions happen to be thecumulative density functions of the unknown sources (Bell and Sejnowski 1995b). We studythe relation between the ME and MMI, and give a justi�cation to the ME approach.In order to realize the MMI by on-line algorithms, we need to estimate the MI. To thisend, we apply the Gram-Charlier expansion and the Edgeworth expansion to approximate theprobability density functions of the outputs. We then have the stochastic gradient type on-linealgorithm similar to the one obtained from the ME.In order to speed up the algorithm, we show that the natural gradient descent methodshould be used to minimize the estimated MI rather than the conventional gradient. This isbecause the stochastic gradient descent takes place in the space of matrices. This space has anatural Riemannian structure from which the natural gradient is obtained. We also apply thisidea to improve the on-line algorithms based on the ME.Although the background philosophies of the ME and MMI are di�erent, it is interesting toknow that both approaches result in algorithms of a similar form with di�erent non-linearity.Both of them include unknown factors to be �xed adequately or to be estimated. They are acti-vation functions in the case of ME and cumulants �3 and �4 in the case of MMI. Their optimalvalues are determined by the unknown probability distributions of the sources. The point isthat the algorithms still work even if the speci�cation of the activation functions or cumulantsare not accurate. However, e�ciency of the algorithms becomes worse by misspeci�cation.In order to obtain e�cient algorithms, we propose an adaptive method together with on-linelearning algorithms in which the unknown factors are adequately estimated. The performancesof the adaptive on-line algorithms are compared with the �xed on-line algorithms based onsimulation results. It is shown by simulations that the adaptive algorithms works much betterin various examples.The paper is organized in the following way. The blind separation problem is describedin Section 2. The relation between the ME and the MMI is discussed in Section 3. Thegradient descent algorithms based on ME and MMI are derived in Section 4. The naturalgradient is also shown but its derivation is given in Appendix B. The Gram-Charlier expansionand the Edgeworth expansion are applied in this section to estimate the MI. The adaptiveon-line algorithms based on the MMI together with an adaptive method of estimating theunknown cumulants are proposed in Section 5. The performances of the adaptive algorithmsare compared with the �xed ones by the simulations in Section 6. Finally, the conclusions aremade in Section 7.2 ProblemLet us consider n unknown source signals Si(t); i = 1; � � � ; n, which are mutually independentat any �xed time t. We shall denote random variables by capital letters, and their speci�c2



values by the same letters in lower case. The bold capital letters denote random vectors ormatrices. We assume that the sources Si(t) are stationary processes, each source has momentsof any order and at most one source is Gaussian. We also treat visual signals where t shouldbe replaced by the spatial coordinates (x; y) with Si(x; y) representing the brightness of thepixel at (x; y). The model for the sensor outputs isX(t) = AS(t)where A 2 Rn�n is an unknown non-singular mixing matrix, S(t) = [S1(t); � � � ; Sn(t)]T andX(t) = [X1(t); � � � ; Xn(t)]T and T denotes the transposition.Without knowing the source signals and the mixing matrix, we want to recover the originalsignals from the observations X(t) by the following linear transform:Y (t) =WX(t)where Y (t) = [Y1(t); � � � ; Yn(t)]T and W 2 Rn�n is a matrix. When W is equal to A�1 wehave Y (t) = S(t).However, it is impossible to obtain the original sources Si(t) in exact order and amplitudebecause of the indeterminacy of permutation of fSig and scaling due to the product of twounknowns: the mixing matrix A and the source vector S(t). Nevertheless, subject to a per-mutation of indices, it is possible to obtain the scaled sources ciSi(t) where the constants ciare nonzero scalar factors. The source signals are identi�able in this sense. Our goal is to �nda de-mixing matrix W adaptively so that [Y1; � � � ; Yn] coincides with a permutation of scaled[S1; � � � ; Sn]. In this case, this de-mixing matrixW is written asW = �PA�1where � is a non-singular diagonal matrix and P a permutation matrix.3 Maximizing Entropy vs Minimizing Mutual InformationThere are two well known methods for blind separation: 1) maximizing the entropy ( ME ) ofthe transformed outputs and 2) minimizing the mutual information ( MMI ) of Y so that itscomponents become independent. We discuss the relation between ME and MMI.3.1 Some properties of entropy and mutual informationThe idea of ME originated from neural networks. Let us transform ya =Pj wajxj by a sigmoidfunction ga(y) to za = ga(ya) which is regarded as the output from an analog neuron.Let Z = (g1(Y1); � � � ; gn(Yn)) be the componentwise transformed output vector by sigmoidfunctions ga(y); a = 1; � � � ; n. It is expected that the entropy of the output Z is maximized whenthe components Za of Z are mutually independent. The blind separation algorithm based onME (Bell and Sejnowski 1995a) was derived by maximizing the joint entropy H(Z;W ) withrespect to W by using the stochastic gradient descent method. The joint entropy of Z isde�ned by H(Z;W ) = � Z p(z;W ) log p(z;W )dzwhere p(z;W ) is the joint probability density function (pdf) of Z determined byW and fgag.3



The non-linear transformations ga(y) are necessary for bounding the entropy in a �niterange. Indeed, when g(y) is bounded c � g(y) � d, for any random variable Y the entropy ofZ = g(Y ) has an upper bound H(Z) � log(d� c):Therefore, the entropy of the transformed output vector is upper bounded:H(Z;W ) � nXa=1H(Za) � n log(d� c): (1)In fact, the above inequality holds for any bounded transforms. So the global maximum ofthe entropy H(Z;W ) exists. H(Z;W ) may also have many local maxima determined by thefunctions fgag used to transform Y . By studying the relation between ME and MMI, we shallprove that some of these maxima are the de-mixing matrices with the form �PA�1.The basic idea of MMI is to choose W that minimizes the dependence among the compo-nents of Y . The dependence is measured by the Kullback-Leibler divergence I(W ) betweenthe joint probability density function (pdf) p(y;W ) of Y and its factorized version ~p(y;W )which is the product of the marginal probability density functions of Y :I(W ) = D[p(y;W ) k ~p(y;W )] = Z p(y;W ) log p(y;W )~p(y;W )dy (2)where ~p(y;W ) = Qna=1 pa(ya;W ) and pa(ya;W ) is the marginal pdf of y,pa(ya;W ) = Z p(y;W )dy1 � � � �dya � � �dyn;�dya denoting that dya is missing from dy = dy1 � � �dyn.The Kullback-Leibler divergence (2) gives the MI of Y , and is written in terms of entropiesI(W ) = �H(Y;W ) + nXa=1H(Ya;W ) (3)where H(Y;W ) = � R p(y;W ) log p(y;W )dy,and H(Ya;W ) = � R pa(ya;W ) log pa(ya;W )dyais the marginal entropy.It is easy to show that I(W ) � 0 and is equal to zero if and only if Ya are independent. Asit is proved in (Comon 1994), I(W ) is a contrast function for the ICA, meaningI(W ) = 0 i� W = �PA�1:In contrast to the entropy criterion, the mutual information I(W ) is invariant under com-ponentwise monotonic transformations, scaling and permutation of Y . Let fgi(y)g be di�er-entiable monotonic functions and Z = (g1(Y1); � � � ; gn(Yn)) be the transformed outputs. It iseasy to prove that the mutual information I(W ) is the same for Y and Z . This implies thatthe componentwise nonlinear transformation is not necessary as a preprocessing if we use theMI as a criterion. 4



3.2 Relation between ME and MMIThe blind separation algorithm derived by the ME approach is concise and often very e�ectivein practice. However, the ME is not rigorously justi�ed except for the case in which the sigmoidtransforms happen to be the cumulative distribution functions (cdfs) of the unknown sources.It is discussed in (Nadal and Parga 1994; Bell and Sejnowski 1995a) that the ME does notnecessarily lead to a statistically independent representation. To justify the ME approach, westudy how ME is related to MMI. We prove that, when all sources have a zero mean, ME giveslocally correct solutions, otherwise it is not true in general.Let us �rst consider the relation between the entropy and the mutual information. SinceZ is componentwise nonlinear transform of Y , it is easy to obtainH(Z;W ) = H(Y ;W ) + nXa=1 Z dyap(ya;W ) log g0a(ya)= �I(W ) + nXa=1H(Ya;W ) + nXa=1 Z dyap(ya;W ) log g0a(ya)= �I(W )� nXa=1D[p(ya;W ) k g0(ya)]Hence, we have the following equation:�H(Z;W ) = I(W ) +D[~p(y;W ) k g0(y)] (4)where g0(y) = nYa=1 g0a(ya)is regarded as a pdf of an independent random vector provided, for each a, ga(�1) = 0,ga(1) = 1 and g0a(y) is the derivative of ga(y).Let fra(sa)g be the pdf's of the independent sources Sa(t) at any t. The joint pdf of thesources is r(s) = Qna=1 ra(sa). When W = A�1, we have Y = S so that p(ya;A�1) = ra(ya).Hence, from (4) it is straightforward that if fga(ya)g are the cdfs of the sources, r(y) = g0(y)so that D[r(y) k g0(y)] = 0. In this case, H(Z;A�1) = �I(A�1) = 0. Since H(Z;W ) � 0from (1), the entropy H(Z;W ) achieves the global maximum at W = A�1. Let ~r(y) be thejoint pdf of the scaled and permutated sources y = �Ps. It is easy to prove that H(Z;W )achieves the global maximum at W = �PA�1, too. This was also discussed in (Nadal andParga 1994; Bell and Sejnowski 1995b) from di�erent perspectives. The above formula (4) canalso be derived from the formula (24) in (Nadal and Parga 1994).We now study the general case where g0(y) is di�erent from r(y). We decompose H(Z;W )as �H(Z;W ) = I(W ) +D(W ) + C(W ) (5)where I(W ) = I(y;W );D(W ) = D[~p(y;W ) k r(y)];C(W ) = nXa=1 Z dyap(ya;W ) logka(ya) = nXa=1 Z dyp(y;W ) logka(ya);ka(ya) = ra(ya)g0a(ya) : 5



Since p(ya;A�1) = ra(ya), I(W ) andD(W ) take the minimum value zero atW = A�1. Tounderstand the behavior of C(W ), we need to compute its gradient. To facilitate the processfor calculating the gradient, we reparameterize W asW = (I +B)A�1around W = A�1 so that Y = (I + B)S. We call the diagonal elements fBbbg the scalingcoordinates and the o�-diagonal elements fBbc; b 6= cg the cross-talking coordinates. If @C@Bbc 6= 0for some b 6= c at W = A�1, then the gradient descent algorithm based on the ME wouldincrease cross-talking around this point. If @C@Bbc = 0 for all b 6= c, even if @C@Bbb 6= 0 for some b,the ME method still gives a correct solution for any nonlinear functions ga(y). We have thefollowing lemma.Lemma 1 At B = 0 or W = A�1, for b 6= c, the gradient of C(W ) is@C@Bbc = �(Z dyc ycr(yc))(Z dyb r0b(yb)rb(yb) log kb(yb)): (6)The proof is given in Appendix A.The diagonal terms @C@Bbb does not vanish in general. It is easy to see from (6) that atW = A�1 the derivatives f @C@Bbc ; b 6= cg vanish when all the sources have a zero mean,Z dsa sar(sa) = 0;or all the sigmoid functions ga are equal to the cdfs of the sources, i.e., g0(y) = r(y).Similarly, reparameterizing the function C(W ) around around W = �PA�1 usingW = (I +B)�PA�1;we calculate the gradient @C@B at B = 0. It turns out that the equation (6) still holds afterpermutating indexes and the derivatives f @C@Bbc ; b 6= cg vanish when all sources have a zero meanor g0(y) = ~r(y) which is the joint pdf of scaled and permutated sources.Hence, we have the following theorem regarding the relation between the ME and the MMI.Theorem 1 When all sources are zero mean signals, at all solution points W = �PA�1determined by the contrast function MI, the ME algorithms will not update the de-mixing matrixin the directions of increasing the cross-talking. When one of sources has a non-zero mean, theentropy is not maximized in general at W = �PA�1.Note the entropy is maximized at W = �PA�1 when the sigmoid functions are equal tothe cdfs of the scaled and permutated sources. But, usually we cannot choose the unknowncdfs as the sigmoid functions. In some blind separation problems such as the separation ofvisual signals, the means of mixture are positive. In such cases, we need a preprocessing stepto centralize the mixture: xt � xt = A(st � st) (7)where xt = 1t Ptu=1 xu and st is similarly de�ned. The mean subtraction can also be imple-mented by online thresholds for the sigmoid functions applied to the outputs.Applying a blind separation algorithm, we �nd a matrix W close to one of solution points�PA�1 such that W (xt � xt) � �P (st � st), and then obtain the sources byWxt =W (xt � xt) +Wxt � �Pst:Since every linear mixture model can be reformulated as (7), without losing generality, weassume that all sources have a zero mean in the rest of this paper.6



4 Gradient descent algorithms based on ME and MMIThe gradient descent algorithms based on ME and MMI are the following:dWdt = �@H(Z;W )@W ; (8)dWdt = ��@I(W)@W : (9)However, the algorithms work well if we put a positive-de�nite operator G on matrices:dWdt = �G ? @H(Z;W )@W (10)dWdt = ��G ? @I(W )@W (11)The gradients themselves are not obtainable in general. In practice, they are replaced by thestochastic ones whose expectations give the true gradients. This method is called the stochasticgradient descent method known from the very old time in neural network community (e.g.,Amari 1967). Some remarks on the the stochastic gradient and backpropagation are given in(Amari 1993).4.1 Stochastic gradient descent method based on MENote that the entropy H(Z;W ) can be written asH(Z;W ) = H(X) + log jW j+ nXa=1E[log g0a(Ya)]where jW j = j det(W )j. It is easy to show@ log jW j@W =W�TwhereW�T = (W�1)T . Moreover,@Pa=1 log g0a(ya)@W = ��(y)xTwhere �(y) = (�g001(y1)g01(y1) � � � � g00n(yn)g0n(yn))T : (12)Hence, the expectation of the instantaneous values of the stochastic gradientd@H@W =W�T ��(y)xT (13)gives the gradient @H@W . Based on this, the following algorithm proposed by (Bell and Sejnowski1995a) is obtained from (10) and (13):dWdt = �(W�T ��(y)xT ) (14)7



Here, the learning equation is in the form of (10) with the operator G equal to the identitymatrix. We show a more adequate G later. Note that when the transforms are tanh(x) andR x�1 exp(�14u4)du, the corresponding activation functions ga are 2tanh(x) and x3, respectively.We show in Appendix B that the natural choice of the operator G should beG ? @H@W = @H@WW TW :This is given by the Riemannian structure of the parameter space of matricesW (Amari 1996).We then obtain the following algorithm from (14):dWdt = �(I ��(y)yT )W (A)which is not only computationally easy but also very e�cient. The learning rule of form (A)was proposed in (Cichocki et al 1994) and later justi�ed in (Amari et al. 1996).The learning rule (A) has two important properties: the equivariant property (Cardosoand Laheld 1996) and the property of keeping W (t) from becoming singular, whereas thelearning rule (14) does not have these properties. To prove the second property, we de�ne< X ;Y >= tr(XTY ) and calculatedjW jdt =< @jW j@W ; dWdt >=< jW jW�T ; �(I � �(y)yT )W >= �tr(I � �(y)yT )jW j = �( nXi=1(1� �i(yi)yi))jW j:Then, we obtain an expression for jW (t)jjW (t)j = jW (0)j expf� Z t0 nXi=1(1� �i(yi(�))yi(�))d�g (15)from which we know that jW (t)j 6= 0 if jW (0)j 6= 0. This means thatfX 2 Rn�n : jXj 6= 0gis an invariant set of the 
owW (t) driven by the learning rule (A).It is worth pointing out that the algorithm (14) is equivalent to the sequential maximumlikelihood algorithm when ga are taken to be equal to ra. For r(s) = r1(s1) � � �rn(sn), thelikelihood function islog p(x;W ) = log(r(Wx)jW j) = nXa=1 log(ra(ya)) + log jW jfrom which we have @ log p(x;W )@wak = r0a(ya)ra(ya)xk + (W�T )akand in the matrix form @ log p(x;W )@W =W�T � 	(y)xTwhere 	(y) = (� r01(y1)r1(y1) � � � � r0n(yn)rn(yn))T and wak is the (a; k) elements of W . Using the natu-ral (Riemannian) gradient descent method to maximize log p(x;W ), we have the sequentialmaximum likelihood algorithm of the type (A):dWdt = �(I �	(y)yT )W (16)8



From the point of view of asymptotic statistics, this gives the Fisher-e�cient estimator. How-ever, we do not know ra or 	(y), so that we need to use the adaptive method of estimating	(y) in order to implement (16).4.2 Approximation of MITo implement the MMI, we need some formulas to approximate the MI. Generally, it is di�cultto obtain the explicit form of the MI since the pdf's of the outputs are unknown. The maindi�culty is to calculate the marginal entropy H(Ya;W ) explicitly. In order to estimate themarginal entropy, the Edgeworth expansion and the Gram-Charlier expansion were used in(Comon 1994) and (Amari et al. 1996), respectively, to approximate the pdf's of the outputs.The two expansions are formally identical except for the order of summation, but the trun-cated expansions are di�erent. We show later by computer simulation that the Gram-Charlierexpansion is superior to the Edgeworth expansion for blind separation.In order to calculate each H(Ya;W ) in (3), we shall apply the Gram-Charlier expansionto approximate the pdf pa(ya). Since we assume E[s] = 0, we have E[y] = E[WAs] = 0and E[ya] = 0. To simplify the calculations for the entropy H(ya;W ) to be carried out later,we assume ma2 = E[y2a] = 1 for all a. Under this assumption, we approximate each marginalentropy �rst and then obtain a formula for the MI. The zero mean and unit variance assumptionmakes it easier for us to calculate the MI. However, the formula obtained for the MI can beused in more general cases. When the components of Y have non-zero means and di�erentvariances, we can shift and scale Y to obtain~Y = ��1(Y �m)where � = diag(�1; � � � ; �n), �a is the variance of Ya and m = E[Y ]. The components of ~Yhave the zero mean and the unit variance. Due to the invariant property of the MI, the formulaof computing the MI of ~Y is applicable to compute the MI of Y .We use the following truncated Gram-Charlier expansion (Stuart and Ord 1994) to approx-imate the pdf pa(ya): pa(ya) � �(ya)f1 + �a33!H3(ya) + �a44!H4(ya)g (17)where �a3 = ma3 and �a4 = ma4 � 3 are the third and fourth order cumulants of Ya, respectively,and mak = E[yka] is the k-th order moment of Ya, �(y) = 1p2� e� y22 , and Hk(y); k = 1; 2; � � � ; arethe Chebyshev-Hermite polynomials de�ned by the identity(�1)k dk�(y)dyk = Hk(y)�(y):The Gram-Charlier expansion clearly shows how �a3 and �a4 a�ect the approximation of thepdf. The last two terms in (17) characterize the deviations from the Gaussian distributions.To apply (17) to calculate H(Ya), we need the following integrals:Z �(y)(H3(y))2H4(y)dy = 3!3 (18)Z �(y)(H4(y))3dy = 123: (19)9



These integrals can be obtained easily from the following results for the moments of aGaussian random variable N(0,1):Z y2k+1�(y)dy = 0; Z y2k�(y)dy = 1 � 3 � � �(2k � 1): (20)By using the expansion log(1 + y) � y � y22 +O(y3)and taking account of the orthogonality relations of the Chebyshev-Hermite polynomials and(18)-(19), the entropy H(Ya;W ) is approximated byH(Ya;W ) � 12 log(2�e)� (�a3)22 � 3! � (�a4)22 � 4! + 38(�a3)2�a4 + 116(�a4)3: (21)Let F (�a3; �a4) denote the right hand side of the approximation (21). From Y =WX, wehave H(Y ) = H(X) + log jW j: Applying (21) and the above expressions to (3), we haveI(Y ;W) � �H(X)� log jW j+ n2 log(2�e) + nXa=1F (�a3; �a4) (22)On the other hand, the following approximation of the marginal entropy (Comon 1994) isobtained by using the Edgeworth expansion of pa(ya):H(Y a;W ) � 12 log(2�e)� 12 � 3!(�a3)2 � 12 � 4!(�a4)2 � 748(�a3)4 + 18(�a3)2�a4 (23)The terms in the Edgeworth expansion are arranged in a decreasing order by assuming that �aiis of order n(2�i)=2. This is true when Ya is a sum of n independent random variables and thenumber n is large. To obtain the formula (23), the truncated Edgeworth expansion is used byneglecting those high-order terms higher than 1=n2. This is a standard method of asymptoticstatistics but is not valid in the present context because of the �xed n. Moreover, at aroundW = A�1, Ya is close to Sa which is not a sum of independent random variables, so that theEdgeworth expansion is not justi�ed in this case. The learning algorithm derived from (23)does not work well in our simulations. The reason is that the cubic of the 4th order cumulant(�a4)3 plays an important role but is omitted in (23). It is a small term from the point view ofthe Edgeworth expansion but not a small term in the present context. In our simulations, wedeal with nearly symmetric source signals. So (�a3)4 is small. In this case, we should use thefollowing entropy approximation instead of (23):H(Ya;W ) � 12 log(2�e)� 12 � 3!(�a3)2 � 12 � 4!(�a4)2 + 18(�a3)2�a4 + 148(�a4)3 (24)The learning algorithm derived from the above formula works almost equally well as (21).Note that the expansion formula can be more general. Instead of the Gaussian kernel, wecan use other standard distribution function as the kernel to expand pa(ya) as:pa(y) = �(y)f1 +Xi �iKi(y)gwhere Ki(y) are the orthogonal polynomials with respect to the kernel �(y). For example, theexpansion corresponding to the kernel�(y) = ( e�y ; y � 00; y > 0will be better than the Gram-Charlier expansion in approximating the pdf of a positive randomvariable. The orthogonal polynomials corresponding to this kernel are Laguerre polynomials.10



4.3 Stochastic gradient method based on MMITo obtain the stochastic gradient descent algorithm to update W recursively, we need tocalculate the gradient of I(W ) with respect to W . Since the exact function form of I(W ) isunknown, we calculate the derivative using the approximated MI.Since @�a3@wak = 3E[y2axk ] and@�a4@wak = 4E[y3axk ];we obtain the following from (22),@I(W )@wak � �(W�T )ak + f(�a3; �a4)E[y2axk ] + g(�a3; �a4)E[y3axk] (25)where f(y; z) = �12y + 94yz; g(y; z) = �16z + 32y2 + 34z2: (26)Removing the expectation symbol E(�) in (25) and writing it in a matrix form, we obtain thestochastic gradient:c@I@W = �W�T + (f(�3; �4) � y2)xT + (g(�3; �4) � y3)xT (27)whose expectation gives @I@W , where � denotes the Hadamard product of two vectorsf � y = (f1y1; � � � ; fnyn)T , andyk = [(y1)k; � � � ; (yn)k]T for k = 2; 3,f(�3; �4) = [f(�13; �14); � � � ; f(�n3 ; �n4)]T ,g(�3; �4) = [g(�13; �14); � � � ; g(�n3 ; �n4)]T .We need to evaluate �3 and �4 for implementing this idea. If �3 and �4 are known, usingthe natural gradient descent method to minimize I(W ), from (27) we obtain the algorithmbased on MMI: dWdt = �(t)fI ���(y)yTgW ; (A0)where ��(y) = h(y; �3; �4) = f(�3; �4) � y2 + g(�3; �4) � y3: (28)Note each component of ��(y) is a third order polynomial. In particular, if �i3 = 0 and�i4 = �1, the non-linearity ��(y) becomes 1112y3.The algorithm (A0) is based on the entropy formula (21) derived from the Gram-Charlierexpansion. Using the entropy formula (24) based on the Edgeworth expansion rather than theformula (21), we obtain an algorithm to be referred as (A00). This algorithm has the same formas the algorithm (A0) except for the de�nition of the functions f and g. For the Edgeworthexpansion based algorithm (A00), instead of (26) we use the following de�nition for f and g:f(y; z) = �12y + 74y3 + 34yz; g(y; z) = �16z + 12y2: (29)So the algorithm of type (A) is the common form for both the ME algorithm and theMMI algorithm. In the ME approach, the function �(y) in (A) is determined by the sigmoidtransforms fga(ya)g. If we use the cdfs of the source distributions, we need to evaluate the11



unknown ra(sa). In the MMI approach, the function ��(y) = h(y; �3; �4) depends on thecumulants �a3 and �a4 and the approximation procedures should be taken for computing theentropy. It is better to choose g0a equal to unknown ra or to choose �a3 and �a4 equal to thetrue values. However, it is veri�ed by numerous simulations that even if the g0a or �a3 and �a4are misspeci�ed, the algorithm (A) and (A0) may still converge to the true separation matrixin many cases.5 Adaptive On-Line Learning AlgorithmsIn order to implement an e�cient learning algorithm, we propose the following adaptive algo-rithm to trace �3 and �4 together with (A0):d�a3dt = ��(t)(�a3 � (ya)3);d�a4dt = ��(t)(�a4 � (ya)4 + 3); a = 1; � � � ; n; (30)where �(t) is a learning rate function.It is possible to use the same adaptive scheme for implementing the e�cient ME algorithm.In this case, we use the Gram-Charlier expansion (17) to evaluate ra(ya) or 	(y). The per-formances of the algorithms (A0) with (30) will be compared with that of the algorithms (A)without adaptation in the next section by simulation. The simulation results demonstrate thatthe adaptive algorithm (A0) needs less samples to reach the separation than the �xed algorithm(A).6 SimulationIn order to show the e�ect of the on-line learning algorithms (A0) with (30) and compare itsperformance with that of the �xed algorithm (A), we apply these algorithms to separate sourcesfrom the mixture of modulating signals or the mixture of visual signals. For the algorithm (A),we can use various �xed �(y). For example, we can use one of the following functions(a) f(y) = y3(b) f(y) = 2 tanh(y)(c) f(y) = 34y11 + 154 y9 � 143 y7 � 294 y5 + 294 y3to de�ne �(y) = (f(y1); � � � ; f(yn))T . The function (c) was used in (Amari et al. 1996) byreplacing �a3 and �a4 by their instantaneous values:�a3 � (ya)3; �a4 � (ya)4 � 3:We also compare the adaptive algorithm (A0) obtained from the Gram-Charlier expansionwith the adaptive algorithm (A00) obtained from the Edgeworth expansion.6.1 Modulating source signalsAssume that the following �ve unknown sources are mixed by a mixing matrix A randomlychosen:s(t) = [sign(cos(2�155t)); sin(2�800t); sin(2�300t+ 6 cos(2�60t)); sin(2�90t); n(t)]T : (31)12



where four components of s(t) are modulating data signals, and one component n(t) is a noisesource uniformly distributed in [�1;+1]. The elements of the mixing matrix A are randomlychosen subject to the uniform distribution in [�1;+1] such that A is non-singular.We use the cross-talking error de�ned below to measure the performance of the algorithms:E = nXi=1( nXj=1 jpij jmaxk jpikj � 1) + nXj=1( nXi=1 jpij jmaxk jpkj j � 1)where P = (pij) =WA.The mixed signals are sampled at the sampling rate of 10K Hz. Taking 2000 samples,we simulate the algorithm (A) with �xed � de�ned by the functions (a) and (b), and thealgorithms (A0) and (A00) with the adaptive �� de�ned by (28) for which the functions f and gare de�ned by (26) and (29) respectively. The learning rate is a constant. For each algorithm,we select a nearly optimal learning rate. The initial matrix is chosen as W (0) = 0:5I in allsimulations. The sources, mixtures and outputs obtained by using the di�erent algorithms aredisplayed in Figure 1. In each sub-�gure, four out of �ve components are shifted upwards fromthe zero level for a better illustration. The sources, mixtures and all the outputs shown thereare within the same time window [0:1; 0:2]. It is shown in Figure 1 that the algorithms withadaptive �� need less samples than those with �xed � to achieve separation.The cross-talking errors are plotted in Figure 2. It is shown in Figure 2 that the adaptiveMMI algorithms (A0) and (A00) outperform the ME algorithm (A) either with �xed function(a) or (b). Note the cross-talking error for each algorithm can be further decreased if moreobservations are taken and an exponentially decreasing learning rate is chosen.6.2 Image dataIn this paper, the two basic algorithms (A) and (A0) are derived by ME and MMI. The as-sumption that sources are independent is needed as a su�cient condition for identi�ability. Tocheck whether the performance of these algorithms is sensitive to the independence assump-tion, we test these algorithms on correlated data such as images. Images are usually correlatedand non-stationary in the spatial coordinate. In the �rst row in Figure 3, we have six imagesources fsi(x; y); i = 1; � � � ; 6g consisting of �ve natural images and one uniformly distributednoise. All images have the same size with N pixels in each of them. From each image, a pixelsequence is taken by scanning the image in a certain order, for example, row by row or columnby column. These sources have the following correlation coe�cient matrix:Rs = (cij) = 266666664 1:0000 0:0819 �0:1027 �0:0616 0:2154 0:01060:0819 1:0000 0:3158 0:0899 �0:0536 �0:0041�0:1027 0:3158 1:0000 0:3194 �0:4410 �0:0102�0:0616 0:0899 0:3194 1:0000 �0:0692 �0:00580:2154 �0:0536 �0:4410 �0:0692 1:0000 0:02150:0106 �0:0041 �0:0102 �0:0058 0:0215 1:0000 377777775 ;where the correlation coe�cients cij are de�ned bycij = Px;y(si(x;y)�si)(sj(x;y)�sj)N�i�jsi = 1N Px;y si(x; y)�2i = 1N Px;y(si(x; y)� si)2:It is shown by the above source correlation matrix that each natural image is correlated withone or more other natural images. 13



Mixing the image sources by the following matrix:A = 266666664 1:0439 1:0943 0:9927 1:0955 1:0373 0:97221:0656 0:9655 0:9406 1:0478 1:0349 1:09651:0913 0:9555 0:9498 0:9268 0:9377 0:90591:0232 1:0143 0:9684 1:0440 1:0926 1:05690:9745 0:9533 1:0165 1:0891 1:0751 1:03210:9114 0:9026 1:0283 0:9928 1:0711 1:0380 377777775 ;we obtain six mixed pixel sequences and their images are shown in the second row in Figure 3.The mixed images are highly correlated with the correlation coe�cient matrixRm = 266666664 1:0000 0:9966 0:9988 0:9982 0:9985 0:99680:9966 1:0000 0:9963 0:9995 0:9989 0:99890:9988 0:9963 1:0000 0:9972 0:9968 0:99500:9982 0:9995 0:9972 1:0000 0:9996 0:99930:9985 0:9989 0:9968 0:9996 1:0000 0:99960:9968 0:9989 0:9950 0:9993 0:9996 1:0000 377777775 :To compute the de-mixing matrix, we apply the algorithm (A0) and use only 20% of the mixeddata. The separation result is shown in the third row in Figure 3. If the outputs are arrangedin the same order as the sources, the correlation coe�cient matrix of the output isRo = 266666664 1:0000 �0:0041 �0:1124 �0:1774 0:0663 0:1785�0:0041 1:0000 0:1469 0:0344 �0:1446 �0:0271�0:1124 0:1469 1:0000 0:1160 �0:1683 �0:0523�0:1774 0:0344 0:1160 1:0000 �0:1258 0:09460:0663 �0:1446 �0:1683 �0:1258 1:0000 �0:12740:1785 �0:0271 �0:0523 0:0946 �0:1274 1:0000 377777775 :Applying the algorithm (A00), we obtain a separation result similar to that in Figure 3. Itis not strange that dependent sources can sometimes be separated by the algorithms (A0) and(A00) since the MI of the mixtures is usually much higher than the MI of the sources. Applyingthe algorithms (A0) or (A00), the MI of the transformed mixture is decreased. When it reachesa level similar to that of the sources, the dependent sources can be extracted. In this case,some prior knowledge about sources (e.g. human face and speech) are needed to select theseparation results.7 ConclusionThe blind separation algorithm based on the ME approach is concise and often very e�ectivein practice. But it is not yet fully justi�ed. The MMI approach, on the other hand, is basedon the contrast function MI which is well justi�ed. We have studied the relation between theME and MMI and prove that the ME will not update the de-mixing matrix in the directionsof increasing the cross-talking at the solution points when all sources are zero mean signals.When one of sources has a non-zero mean, the entropy is not maximized in general at thesolution points. It is suggested by this result that the mixture model should be reformulatedsuch that all sources have a zero mean in order to use the ME approach.The two basic MMI algorithms (A0) and (A00) have been derived based on the minimizationof the MI of the outputs. The contrast function MI is impractical unless we approximate it.14



The di�culty is to evaluate the marginal entropy of the outputs. The Gram-Charlier expansionand the Edgeworth expansion are applied to estimate the MI. The natural gradient method isused to minimize the estimated MI to obtain the basic algorithm. These algorithms have beentested for separating unknown source signals mixed by a mixing matrix randomly chosen, andthe validity of the algorithms has been veri�ed.Because of the approximation error, the MMI algorithms have limitations and they cannotreplace the ME. There are cases such as the experiment in (Bell and Sejnowski 1995a) usingspeech signals in which the ME algorithm performs better.Although the ME and the MMI result in very similar algorithms, it is unknown whetherthe two approaches are equivalent globally. The activation functions in (A) and the cumulantsin (A0) should be determined adequately. We proposed an adaptive algorithms to estimatethese cumulants. It is observed from many simulations that the adaptive on-line algorithms(A0) and (A00) need less samples than the on-line algorithm (A) (with non-linear functions suchas 2 tanh(x) and x3) to reach the separation.The test of the algorithms (A0) and (A00) using the image data suggests that even dependentsources can sometimes be separated if some prior knowledge is used to select the separationresults. The reason behind this is that the MI of the mixtures is usually higher than that ofsources and the algorithms (A0) and (A00) can decrease the MI from a high level to a lowerlevel.8 Appendices8.1 Appendix A: proof of Lemma 1Let kBk � " < 1, then jI +Bj�1 = 1� tr(B) +O("2) and jI +Bj�1 = I �B +O("2). Sop(y;W ) = jI +Bj�1r((I +B)�1y)= (1� tr(B)) nYa=1 ra(ya �Xc Bacyc + O("2))= (1� tr(B))[ nYa=1ra(ya)�Xa r0a(ya) nYb6=a rb(yb)Xc Bacyc] +O("2)= r(y)� [tr(B) +Xa;c l0a(ya)Bacyc]r(y) +O("2) (32)where l0a(ya) = r0a(ya)ra(ya) .From the expression (32), we have the linear expansion of C(W ) = C((I + B)A�1) atB = 0 C((I +B)A�1) � �Xa Z dy[tr(B) +Xb;c l0b(yb)Bbcyc]r(y) logka(ya)from which we calculate @C@B at B = 0. When b 6= c,@C@Bbc = �Xa Z dyycr(y)l0b(yb) log ka(ya)= � Xa 6=c;a6=b(Z dyc ycr(yc))(Z dyb r0b(yb))D[ra(ya)kg0a(ya)]� Z dyycrc(yc)(Yi6=c ri(yi))l0b(yb) logkc(yc)15



�(Z dyc ycr(yc))(Z dyb r0b(yb)rb(yb) log kb(yb))= �(Z dyc ycr(yc))(Z dyb r0b(yb)rb(yb) log kb(yb)) (33)since R dyr0b(y) = 0.8.2 Appendix B: Natural GradientDenote Gl(n) = fX 2 Rn�n : det(X) 6= 0g. LetW 2 Gl(n) and �(W ) be a scalar function.Before we de�ne the natural gradient of �(W ), we recapitulate the gradient in a Riemannianmanifold S in the tensorial form. Let x = (xi), i = 1; � � � ; m, be its (local) coordinates. Thegradient of �(x) is written as r� = � @�@xi� = (ai);which is a linear operator (or a covariant vector) mapping a vector (contravariant vector)X = (X i) to real values in R, r� �X =XaiX i:The manifold S has the Riemannian metric gij(x), by which the inner product of X and Y iswritten as hX ;Y i =X gijX iY j :Let ~r� = ~a be the contravariant version of a = r�, such thatr� �X = h ~r�;Xior X aiX i =X gij~aiXj:So we have ~ai =X gijaj ;where (gij) is the inverse matrix of (gij).It is possible to give a more direct meaning to ~ai. We search for the steepest direction of�(x) at point x. Let " > 0 be a small constant, and we study the direction d such that~d = argmax �(x+ "d);under the constraint that d is a unit vector,X gijdidj = 1:Then it is easy to calculate that ~di = ~ai:It is natural to de�ne the gradient 
ow in S by_x = �� ~r� = ��X gij @@xj �(x):Now we return to our manifold Gl(n) of matrices. We de�ne the natural gradient of �(W )by imposing a Riemannian structure in Gl(n). The manifold Gl(n) of matrices has the Liegroup structure : any A 2 Gl(n) maps Gl(n) to Gl(n) by W ! WA, where A = E (unit16



matrix) is the unit. We impose that the Riemannian structure should be invariant by thisoperation A.More de�nitely, at W , we consider a small deviation ofW , W + "Z, where " is in�nites-imally small. Here, Z is the tangent vector at W (or an element of the Lie algebra). Weintroduce an inner product hZ;ZiWatW . Now,W is mapped to the unit matrix E by the operation of A =W�1. Then,W andW +"Z are mapped toWA =WW�1 = E and (W +"Z)W�1 = E+"ZW�1, respectively.So the tangent vector Z at W corresponds to the tangent vector ZW�1 at E. They shouldhave the same length (the Lie-group invariance : the same as the invariance under the basischange of vectors on which a matrix acts). SohZ;ZiW = hZW�1;ZW�1iE :It is very natural to de�ne the inner product at E byhY ;Y iE = tr(Y TY ) =X(Yij)2;because we have no speci�c preference in the components at E. Then, we havehZ;ZiW = hZW�1;ZW�1iE = tr(W�TZTZW�1):On the other hand, the gradient operator @� is de�ned by�(W + "Z) = �(W ) + "@� �Z ;@� �Z = tr(@�TZ) =X @�@WijZij :Hence, the contravariant version ~@� is@� �Z = h~@�;ZiW= tr(W�T ~@�TZW�1)= tr(W�1W�T ~@�TZ);giving @�T =W�1W�T ~@�Tor @� = ~@�W�1W�Ti.e. ~@� = @�W TW :Hence, the natural gradient should bedWdt = ��(r�)WTW :Note the natural gradient (r�)W TW is exactly the same as the relative gradient introducedin (Cardoso and Laheld 1996). Using the natural gradient or the relative gradient leads tothe blind separation algorithms with the equivariant property, i.e., the performance of thealgorithms is independent from the scaling of the sources.AcknowledgmentThe authors wish to thank the reviewers for their constructive comments on the manuscriptand to acknowledge the useful discussions with J.-F. Cardoso and A. Cichocki.17
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FiguresFigure 1: The comparison of the separation by the algorithms (A), (A0) and (A00):(a) the sources;(b) the mixtures;(c) the separation by (A0) using learning rate mu=60;(d) the separation by (A00) using learning rate mu=60;(e) the separation by (A) using x3 and mu=65;(f) the separation by (A) using 2tanh(x) and mu=30.Figure 2: Comparison of the performances of (A) (using x3 or 2tanh(x)), and (A0) and (A00).Figure 3: Separation of mixed images: the images in the �rst row are sources; those in the secondrow are the mixed images; and those in the third row are separated images.
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