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Abstract

There are two major approaches for blind separation: Maximum Entropy (ME) and
Minimum Mutual Information (MMTI). Both can be implemented by the stochastic gradient
descent method for obtaining the de-mixing matrix. The MI is the contrast function for
blind separation while the entropy is not. To justify the ME, the relation between ME and
MMTI is firstly elucidated by calculating the first derivative of the entropy and proving that
1) the the mean-subtraction is necessary in applying the ME and 2) at the solution points
determined by the MI the ME will not update the de-mixing matrix in the directions of
increasing the cross-talking.

Secondly, the natural gradient instead of the ordinary gradient is introduced to obtain
efficient algorithms, because the parameter space is a Riemannian space consisting of ma-
trices. The mutual information is calculated by applying the Gram-Charlier expansion to
approximate probability density functions of the outputs.

Finally, we propose an efficient learning algorithm which incorporates with an adaptive
method of estimating the unknown cumulants. It is shown by computer simulation that the
convergence of the stochastic descent algorithms is improved by using the natural gradient
and the adaptively estimated cumulants.

1 Introduction

Let us consider the case where a number of observed signals are mixtures of the same number
of stochastically independent source signals. It is desirable to recover the original source signals
from the observed mixtures. The blind separation problem is to find a transform which recovers
original signals without knowing how the sources are mixed. A learning algorithm for blind
source separation belongs to the category of unsupervised factorial learning (Deco and Brauer
1996). It is related to the redundancy reduction principle (Barlow and Féldiak 1989; Nadal
and Parga 1994), one of the principles possibly employed by the nervous system to extract
the statistically independent features for a better representation of the input without losing
information. When the mixing model is arbitrarily non-linear, it is generally impossible to
separate the sources from the mixture unless further knowledge about the sources and the
mixing model is assumed. In this paper, we only discuss the linear mixing model for which the
inverse transform (the de-mixing transform) is also linear.

Maximum Entropy (ME) (Bell and Sejnowski 1995a) and Minimum Mutual Information
(MMI) or ICA (Amari et al. 1996; Comon 1994) are two major approaches to derive blind



separation algorithms. By the MMI, the mutual information (MI) of the outputs is minimized
to find the de-mixing matrix. This approach is based on the established ICA theory (Comon
1994). The Ml is one of the best contrast functions since it is invariant under transforms such as
scaling, permutation, and componentwise non-linear transforms. Since scaling and permutation
are indeterminacy in the blind separation problem, therefore, it is desirable to choose a contrast
function which is invariant to these transforms. All the global minima (zero points) of the MI
are all possible solutions to the blind separation problem. By the ME approach, the outputs of
the de-mixing system are first componentwise transformed by sigmoid functions, and then the
joint entropy of the transformed outputs is maximized to find a de-mixing matrix. The on-line
algorithm derived by the ME is concise and often effective in practice. But the ME has not
vet been rigorously justified except for the case when the sigmoid functions happen to be the
cumulative density functions of the unknown sources (Bell and Sejnowski 1995b). We study
the relation between the ME and MMI, and give a justification to the ME approach.

In order to realize the MMI by on-line algorithms, we need to estimate the MI. To this
end, we apply the Gram-Charlier expansion and the Edgeworth expansion to approximate the
probability density functions of the outputs. We then have the stochastic gradient type on-line
algorithm similar to the one obtained from the ME.

In order to speed up the algorithm, we show that the natural gradient descent method
should be used to minimize the estimated MI rather than the conventional gradient. This is
because the stochastic gradient descent takes place in the space of matrices. This space has a
natural Riemannian structure from which the natural gradient is obtained. We also apply this
idea to improve the on-line algorithms based on the ME.

Although the background philosophies of the ME and MMI are different, it is interesting to
know that both approaches result in algorithms of a similar form with different non-linearity.
Both of them include unknown factors to be fixed adequately or to be estimated. They are acti-
vation functions in the case of ME and cumulants k3 and x4 in the case of MMI. Their optimal
values are determined by the unknown probability distributions of the sources. The point is
that the algorithms still work even if the specification of the activation functions or cumulants
are not accurate. However, efliciency of the algorithms becomes worse by misspecification.

In order to obtain efficient algorithms, we propose an adaptive method together with on-line
learning algorithms in which the unknown factors are adequately estimated. The performances
of the adaptive on-line algorithms are compared with the fixed on-line algorithms based on
simulation results. It is shown by simulations that the adaptive algorithms works much better
in various examples.

The paper is organized in the following way. The blind separation problem is described
in Section 2. The relation between the ME and the MMI is discussed in Section 3. The
gradient descent algorithms based on ME and MMI are derived in Section 4. The natural
gradient is also shown but its derivation is given in Appendix B. The Gram-Charlier expansion
and the Edgeworth expansion are applied in this section to estimate the MI. The adaptive
on-line algorithms based on the MMI together with an adaptive method of estimating the
unknown cumulants are proposed in Section 5. The performances of the adaptive algorithms
are compared with the fixed ones by the simulations in Section 6. Finally, the conclusions are
made in Section 7.

2 Problem

Let us consider n unknown source signals 9;(¢),¢ = 1,---, n, which are mutually independent
at any fixed time ¢{. We shall denote random variables by capital letters, and their specific



values by the same letters in lower case. The bold capital letters denote random vectors or
matrices. We assume that the sources S;(¢) are stationary processes, each source has moments
of any order and at most one source is Gaussian. We also treat visual signals where ¢ should
be replaced by the spatial coordinates (z,y) with S;(z,y) representing the brightness of the
pixel at (z,y). The model for the sensor outputs is

X ()= AS(1)

T and

where A € R"*" is an unknown non-singular mixing matrix, S(¢) = [S1(¢), -, Sn(t)]
X (t) = [X1(t), -+, X,,(t)] and T denotes the transposition.
Without knowing the source signals and the mixing matrix, we want to recover the original

signals from the observations X (¢) by the following linear transform:
Y(t) =WX(t)

where Y (t) = [Yi(t), -+, Y, ()] and W € R™" is a matrix. When W is equal to A~ we
have Y (t) = S(¢).

However, it is impossible to obtain the original sources S;(¢) in exact order and amplitude
because of the indeterminacy of permutation of {S;} and scaling due to the product of two
unknowns: the mixing matrix A and the source vector S(t). Nevertheless, subject to a per-
mutation of indices, it is possible to obtain the scaled sources ¢;5;(t) where the constants ¢;
are nonzero scalar factors. The source signals are identifiable in this sense. Our goal is to find

a de-mixing matrix W adaptively so that [Y,---,Y,] coincides with a permutation of scaled
[S1, -+, S,]- In this case, this de-mixing matrix W is written as
W =APA"!

where A is a non-singular diagonal matrix and P a permutation matrix.

3 Maximizing Entropy vs Minimizing Mutual Information

There are two well known methods for blind separation: 1) maximizing the entropy ( ME ) of
the transformed outputs and 2) minimizing the mutual information ( MMI ) of Y so that its
components become independent. We discuss the relation between ME and MMI.

3.1 Some properties of entropy and mutual information

The idea of ME originated from neural networks. Let us transform y, = ), wq;z; by a sigmoid
function g,(y) to z, = ga(y.) which is regarded as the output from an analog neuron.

Let Z = (g1(Y1), -+, 9.(Y,)) be the componentwise transformed output vector by sigmoid
functions g,(y),a = 1,---,n. It is expected that the entropy of the output Z is maximized when
the components Z, of Z are mutually independent. The blind separation algorithm based on
ME (Bell and Sejnowski 1995a) was derived by maximizing the joint entropy H(Z; W) with
respect to W by using the stochastic gradient descent method. The joint entropy of Z is
defined by

H(Z;W) = —/p(Z; W) logp(z; W)dz

where p(z; W) is the joint probability density function (pdf) of Z determined by W and {g,}.



The non-linear transformations g,(y) are necessary for bounding the entropy in a finite
range. Indeed, when ¢(y) is bounded ¢ < g(y) < d, for any random variable Y the entropy of
7 = g(Y) has an upper bound

H(Z) <log(d - ¢).

Therefore, the entropy of the transformed output vector is upper bounded:

H(Z;W) < 3" H(Z,) < nlog(d — o). 1)

a=1

In fact, the above inequality holds for any bounded transforms. So the global maximum of
the entropy H(Z; W) exists. H(Z; W) may also have many local maxima determined by the
functions {g,} used to transform Y. By studying the relation between ME and MMI, we shall
prove that some of these maxima are the de-mixing matrices with the form APA™L,

The basic idea of MMI is to choose W that minimizes the dependence among the compo-
nents of Y. The dependence is measured by the Kullback-Leibler divergence I(W') between
the joint probability density function (pdf) p(y; W) of Y and its factorized version p(y; W)
which is the product of the marginal probability density functions of Y:

W) = Doy W) 1| s W) = [ ot W) low 5y )

where p(y; W) = 10— pa(ya; W) and pg(yq; W) is the marginal pdf of y,

Pa(Ya; W) = /p(y;W)dy1 cedyy o dy,
Jya denoting that dy, is missing from dy = dy; - - - dy,,.
The Kullback-Leibler divergence (2) gives the Ml of Y, and is written in terms of entropies

W) = ~H(Y:W) + Y HYa W) (3

a=1

where

H(Y;W) = — [ ply; W) log p(y; W)dy,
and

H(Ya; W) = - fpa(ya; W) 10%Pa(9a% W)dya
is the marginal entropy.

It is easy to show that I(W) > 0 and is equal to zero if and only if Y, are independent. As
it is proved in (Comon 1994), I(W) is a contrast function for the ICA, meaning

I(W)=0 iff W=APA™"

In contrast to the entropy criterion, the mutual information /(W) is invariant under com-
ponentwise monotonic transformations, scaling and permutation of Y. Let {g¢;(y)} be differ-
entiable monotonic functions and Z = (¢1(Y1),- -, 9.(Ys)) be the transformed outputs. It is
easy to prove that the mutual information /(W) is the same for Y and Z. This implies that
the componentwise nonlinear transformation is not necessary as a preprocessing if we use the
MTI as a criterion.



3.2 Relation between ME and MMI

The blind separation algorithm derived by the ME approach is concise and often very effective
in practice. However, the ME is not rigorously justified except for the case in which the sigmoid
transforms happen to be the cumulative distribution functions (cdfs) of the unknown sources.

It is discussed in (Nadal and Parga 1994; Bell and Sejnowski 1995a) that the ME does not
necessarily lead to a statistically independent representation. To justify the ME approach, we
study how ME is related to MMI. We prove that, when all sources have a zero mean, ME gives
locally correct solutions, otherwise it is not true in general.

Let us first consider the relation between the entropy and the mutual information. Since
Z is componentwise nonlinear transform of Y, it is easy to obtain

H(Z;W) =H(Y;W)+ Z/dyap(ya;W) log g5, (Ya)
= ‘|‘ZH YmW —I'Z/dyap ym logga(ya)

=—1(W) - ZD[P(ya; W) |l 9'(ya)]
a=1
Hence, we have the following equation:

—H(Z; W) = I(W) + D[i(y; W) || ¢'(y)] (4)

where .
= H g(/z (ya)
a=1

is regarded as a pdf of an independent random vector provided, for each a, g,(—o0) = 0,
ga(o0) =1 and ¢, (y) is the derivative of g,(y).

Let {rq(sq.)} be the pdf’s of the independent sources S,(t) at any ¢. The joint pdf of the
sources is r(8) = [[/—; 7a(54). When W = A~ we have Y = S so that p(y,; A™!) =
Hence, from (4) it is straightforward that if {g,(y.)} are the cdfs of the sources, r(y)
so that D[r(y) || ¢’(y)] = 0. In this case, H(Z; A™') = —I(A™!) = 0. Since H(Z W) <o
from (1), the entropy H(Z; W) achieves the global maximum at W = A~!. Let 7(y) be the
joint pdf of the scaled and permutated sources y = APs. It is easy to prove that H(Z; W)
achieves the global maximum at W = APA™', too. This was also discussed in (Nadal and
Parga 1994; Bell and Sejnowski 1995b) from different perspectives. The above formula (4) can
also be derived from the formula (24) in (Nadal and Parga 1994).

We now study the general case where ¢'(y) is different from r(y). We decompose H (Z; W)
as

—H(Z;W) =1(W)+ D(W)+C(W) (5)
(W) = I{y: W),

DW) = D[p(y, W) || r(9)],

where

C(w) Z/dyap Ya; W) log kq (ya) Z/dyp y; W) log ka (ya),
ra(ya)
ka a -
(y ) gzlz(ya)



Since p(ya, A™Y) = ro(ya), [(W) and D(W) take the minimum value zero at W = A™%. To
understand the behavior of C'(W'), we need to compute its gradient. To facilitate the process
for calculating the gradient, we reparameterize W as

W=(I+B)A™!
around W = A™! so that Y = (I + B)S. We call the diagonal elements {By,} the scaling

coordinates and the off-diagonal elements { By, b # ¢} the cross-talking coordinates. If % #0

for some b # ¢ at W = A~!, then the gradient descent algorithm based on the ME would
increase cross-talking around this point. If % = 0 for all b # ¢, even if %C;b # 0 for some b,
the ME method still gives a correct solution for any nonlinear functions g,(y). We have the
following lemma.

Lemma 1l At B=0or W = A~ for b # ¢, the gradient of C(W) is
oC
S5 = [ v wer ) ([ dus rh(m)rs(n) oz (1) (%

The proof is given in Appendix A.
The diagonal terms %Cbb does not vanish in general. It is easy to see from (6) that at

W = A~! the derivatives {%, b # ¢} vanish when all the sources have a zero mean,

/dsa Sqr(8q4) = 0,

or all the sigmoid functions g, are equal to the cdfs of the sources, i.e., ¢'(y) = r(y).
Similarly, reparameterizing the function C'(W) around around W = APA™! using

W = (I+ B)APA™!

we calculate the gradient % at B = 0. It turns out that the equation (6) still holds after

permutating indexes and the derivatives {%, b # ¢} vanish when all sources have a zero mean
or ¢'(y) = 7(y) which is the joint pdf of scaled and permutated sources.
Hence, we have the following theorem regarding the relation between the ME and the MMI.

Theorem 1 When all sources are zero mean signals, at all solution points W = APA™!
determined by the contrast function MI, the ME algorithms will not update the de-mizing matriz
in the directions of increasing the cross-talking. When one of sources has a non-zero mean, the
entropy is not mazimized in general at W = APA™!,

Note the entropy is maximized at W = APA~! when the sigmoid functions are equal to
the cdfs of the scaled and permutated sources. But, usually we cannot choose the unknown
cdfs as the sigmoid functions. In some blind separation problems such as the separation of
visual signals, the means of mixture are positive. In such cases, we need a preprocessing step
to centralize the mixture:

x; — T = A(sy — 5y) (7)
where &; = %22:1 x, and 3; is similarly defined. The mean subtraction can also be imple-
mented by online thresholds for the sigmoid functions applied to the outputs.

Applying a blind separation algorithm, we find a matrix W close to one of solution points
APA™! such that W (z; — &) =~ AP(s; — 3;), and then obtain the sources by

th = W(mt — Et) + Wft ~ APSt.

Since every linear mixture model can be reformulated as (7), without losing generality, we
assume that all sources have a zero mean in the rest of this paper.



4  Gradient descent algorithms based on ME and MMI

The gradient descent algorithms based on ME and MMI are the following:
dW  O0H(Z;W)

dW _ 8I(W)
a -~ Tow (9)

However, the algorithms work well if we put a positive-definite operator G on matrices:

AW OH(Z; W)

T w (10)
AW (W)

T T W (11)

The gradients themselves are not obtainable in general. In practice, they are replaced by the
stochastic ones whose expectations give the true gradients. This method is called the stochastic
gradient descent method known from the very old time in neural network community (e.g.,

Amari 1967). Some remarks on the the stochastic gradient and backpropagation are given in
(Amari 1993).

4.1 Stochastic gradient descent method based on ME
Note that the entropy H(Z; W) can be written as

H(Z:W) = H(X) + log|W|+ 3 Ellog g/ (V)

a=1
where |[W| = | det(W)|. It is easy to show
dlog |W| -7
el _w
ow
where W1 = (W17, Moreover,
0% u=110294(ya) _ T
where ") ")
g1\ 9.\Un)\T
B(y) = (- o : 12
W= ¢(vn)) 1)

Hence, the expectation of the instantaneous values of the stochastic gradient

L — 7

—— =Wt - & 1

il () (13)
gives the gradient = . Based on this, the following algorithm proposed by (Bell and Sejnowski
1995a) is obtained from (10) and (13):

dw

— =W -2y’ (14)



Here, the learning equation is in the form of (10) with the operator G equal to the identity
matrix. We show a more adequate G later. Note that when the transforms are tanh(z) and
Ir exp(—%u‘l)du7 the corresponding activation functions g, are 2tanh(z) and 2?, respectively.
We show in Appendix B that the natural choice of the operator G should be

OH oH __ r
*——=——W"'W.

ow oW
This is given by the Riemannian structure of the parameter space of matrices W (Amari 1996).
We then obtain the following algorithm from (14):

%V =n(I-®(y)y" )W (A)

g

which is not only computationally easy but also very efficient. The learning rule of form (A)
was proposed in (Cichocki et al 1994) and later justified in (Amari et al. 1996).

The learning rule (A) has two important properties: the equivariant property (Cardoso
and Laheld 1996) and the property of keeping W (¢) from becoming singular, whereas the
learning rule (14) does not have these properties. To prove the second property, we define
< X, Y >=t1(XTY) and calculate

dW|  9|w| daw
a oW ' dt
= nte(I = ®(y)y") W= (> (1 = ¢i(yi)u) IWI.

=1

>=< [WIW™T, n(I-o(y)y" )W >

Then, we obtain an expression for |W (¢)]
WO = W O)espln | 3201 6lu(r)utr)dr) (15

from which we know that |[W (¢)| # 0 if |[W (0)| # 0. This means that
(X e RV |X| 40}

is an invariant set of the flow W (¢) driven by the learning rule (A).

It is worth pointing out that the algorithm (14) is equivalent to the sequential maximum
likelihood algorithm when ¢, are taken to be equal to r,. For r(s) = ri(s1)---r.(s,), the
likelihood function is

log plas W) = log (r(Wa)[W]) = 3 log(ra(y)) + log [ W]

a=1

from which we have
dlogp(x; W) _ ry(ya)

Jwm raly) " (W )e
and in the matrix form Dlog ple: W) _T .
— ow W —¥(y)z
where ¥(y) = (—:383 cee— :/ZEZZ;)T and wgy is the (a, k) elements of W. Using the natu-

ral (Riemannian) gradient descent method to maximize log p(z; W), we have the sequential
maximum likelihood algorithm of the type (A):

dw

—— = I = V(y)y )W (16)



From the point of view of asymptotic statistics, this gives the Fisher-efficient estimator. How-
ever, we do not know r, or U(y), so that we need to use the adaptive method of estimating
U(y) in order to implement (16).

4.2 Approximation of MI

To implement the MMI, we need some formulas to approximate the MI. Generally, it is difficult
to obtain the explicit form of the MI since the pdf’s of the outputs are unknown. The main
difficulty is to calculate the marginal entropy H(Y,; W) explicitly. In order to estimate the
marginal entropy, the Edgeworth expansion and the Gram-Charlier expansion were used in
(Comon 1994) and (Amari et al. 1996), respectively, to approximate the pdf’s of the outputs.
The two expansions are formally identical except for the order of summation, but the trun-
cated expansions are different. We show later by computer simulation that the Gram-Charlier
expansion is superior to the Edgeworth expansion for blind separation.

In order to calculate each H(Y,; W) in (3), we shall apply the Gram-Charlier expansion
to approximate the pdf p,(y,). Since we assume E[s] = 0, we have E[y] = E[WAs] = 0
and Fly,] = 0. To simplify the calculations for the entropy H (y.; W) to be carried out later,
we assume m% = F[y?] = 1 for all . Under this assumption, we approximate each marginal
entropy first and then obtain a formula for the MI. The zero mean and unit variance assumption
makes it easier for us to calculate the MI. However, the formula obtained for the MI can be
used in more general cases. When the components of Y have non-zero means and different
variances, we can shift and scale Y to obtain

Y =YY —m)

where X = diag(oy,---,0,), 0, is the variance of Y, and m = E[Y]. The components of ¥
have the zero mean and the unit variance. Due to the invariant property of the MI, the formula
of computing the MI of Y is applicable to compute the MI of Y.

We use the following truncated Gram-Charlier expansion (Stuart and Ord 1994) to approx-
imate the pdf p,(y.):

ol o) {1+ 52 Hi(y) + 2 () (17

where x5 = m§ and x§ = mj — 3 are the third and fourth order cumulants of Y,, respectively,

2
and m¢ = E[y*] is the k-th order moment of Y,, a(y) = \/%e_y?, and Hg(y),k=1,2,---, are
the Chebyshev-Hermite polynomials defined by the identity

kOé
)R Heaty)

The Gram-Charlier expansion clearly shows how x§ and § affect the approximation of the
pdf. The last two terms in (17) characterize the deviations from the Gaussian distributions.
To apply (17) to calculate H(Y,), we need the following integrals:

/a(y)(Hg(y))2H4(y)dy =30 (18)

/a(y)(H4(y))3dy =127 (19)



These integrals can be obtained easily from the following results for the moments of a
Gaussian random variable N(0,1):

[ atdy =0, [y atpdy=1-3--2k-1). (20)
By using the expansion
2
Y
log(1+y) ~y - = +0(y)

and taking account of the orthogonality relations of the Chebyshev-Hermite polynomials and
(18)-(19), the entropy H(Y,; W) is approximated by

1 (k)2 ()2 3, ., . Lo
H(Y,;; W)~ §log(2ﬂ'e)—2%3!_ﬁ+§(,{3)2’,{4+ﬁ(54)3‘ (21)

Let F'(k$, k%) denote the right hand side of the approximation (21). From ¥ = WX, we
have H(Y) = H(X) + log |W|. Applying (21) and the above expressions to (3), we have

I(Y; W)~ —H(X) - log|W|+ glog(%re) + 37 F(kg,£3) (22)
a=1

On the other hand, the following approximation of the marginal entropy (Comon 1994) is

obtained by using the Edgeworth expansion of p,(y,):

1 1 1

S8 = s e - ) e (23)
The terms in the Edgeworth expansion are arranged in a decreasing order by assuming that x¢
is of order n(2=9/2_ This is true when Y, is a sum of n independent random variables and the
number n is large. To obtain the formula (23), the truncated Edgeworth expansion is used by
neglecting those high-order terms higher than 1/n2. This is a standard method of asymptotic
statistics but is not valid in the present context because of the fixed n. Moreover, at around
W = A~! Y, is close to S, which is not a sum of independent random variables, so that the
Edgeworth expansion is not justified in this case. The learning algorithm derived from (23)
does not work well in our simulations. The reason is that the cubic of the 4th order cumulant
(k%)? plays an important role but is omitted in (23). It is a small term from the point view of

1
HY" W)=~ 3 log(2me) —

the Edgeworth expansion but not a small term in the present context. In our simulations, we
deal with nearly symmetric source signals. So (k3)* is small. In this case, we should use the
following entropy approximation instead of (23):

1 1 a 1 a 1, ., a 1, .,
H(Y;; W)~ > log(2me) — ﬁ(’%)z - m(’%)z + §(53)254 + —(k§)° (24)

The learning algorithm derived from the above formula works almost equally well as (21).
Note that the expansion formula can be more general. Instead of the Gaussian kernel, we
can use other standard distribution function as the kernel to expand p,(y,) as:

paly) = B{1+ Z il (y) }

where K;(y) are the orthogonal polynomials with respect to the kernel 5(y). For example, the
expansion corresponding to the kernel

_ et y=20

will be better than the Gram-Charlier expansion in approximating the pdf of a positive random
variable. The orthogonal polynomials corresponding to this kernel are Laguerre polynomials.
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4.3 Stochastic gradient method based on MMI

To obtain the stochastic gradient descent algorithm to update W recursively, we need to
calculate the gradient of (W) with respect to W. Since the exact function form of I(W) is
unknown, we calculate the derivative using the approximated MI.

Since
;;i = 3E[y2x;] and
Ok
aw;k = 4E[y§$k]7
we obtain the following from (22),
W — a a a a
UV~ (W T)ap + F(53, 63 Elyer] + g(s5, 55 Elyla] (25)
where
Fg2) = —syt Dz, glg2) = —mzt SyP 4 222 (26)
' 2 4777 ' 6 2 4"

Removing the expectation symbol E(-) in (25) and writing it in a matrix form, we obtain the
stochastic gradient:

= W (Flss,wa) 0y 4 (s, ia) 092" (27)

whose expectation gives %, where o denotes the Hadamard product of two vectors

f oYy = (flyh s '7fnyn)T7 and
yk = [(yl)k7 Ty (yn)k]T for k = 27 37
f("{?n "{4) = [f("{ilﬂv "@11)7 . '7f("{g7 HZ)]]?v
9(537 "{4) = [g(’{il)ﬂ H}l)v IR g(H§7 HZ)] :
We need to evaluate ks and k4 for implementing this idea. If k3 and k4 are known, using

the natural gradient descent method to minimize I(W), from (27) we obtain the algorithm
based on MMI:

dWw
—— = (0 - ®x(y)y" }W, (4)
where
®.(y) = h(y; k3, k4) = F(kaz, K4) 0 Y* + g(ka, ka) 0 y°. (28)
Note each component of ®,(y) is a third order polynomial. In particular, if Ky = 0 and
K, = —1, the non-linearity @, (y) becomes %y?’.

The algorithm (A’) is based on the entropy formula (21) derived from the Gram-Charlier
expansion. Using the entropy formula (24) based on the Edgeworth expansion rather than the
formula (21), we obtain an algorithm to be referred as (A”). This algorithm has the same form
as the algorithm (A’) except for the definition of the functions f and g. For the Edgeworth
expansion based algorithm (A”), instead of (26) we use the following definition for f and g¢:

1 T4 3 1 1,
=—zy+ - — =——z+ -y 2
Fy2)=—gy+ v + vz 9ly.2) = —g=+ 5y (29)
So the algorithm of type (A) is the common form for both the ME algorithm and the

MMI algorithm. In the ME approach, the function ®(y) in (A) is determined by the sigmoid
transforms {gq(y.)}. If we use the cdfs of the source distributions, we need to evaluate the
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unknown r,(s,). In the MMI approach, the function ®.(y) = h(y;xs, k4) depends on the
cumulants «§ and 4§ and the approximation procedures should be taken for computing the
entropy. It is better to choose ¢/, equal to unknown r, or to choose k% and k9 equal to the
true values. However, it is verified by numerous simulations that even if the ¢/ or k% and s§
are misspecified, the algorithm (A4) and (A’) may still converge to the true separation matrix
in many cases.

5 Adaptive On-Line Learning Algorithms

In order to implement an efficient learning algorithm, we propose the following adaptive algo-
rithm to trace 3 and k4 together with (A'):

VS )65~ ().
d(;ti — u(t) (kS = () +3), a=1,---,n, (30)

where () is a learning rate function.

It is possible to use the same adaptive scheme for implementing the efficient ME algorithm.
In this case, we use the Gram-Charlier expansion (17) to evaluate rq(y,) or ¥(y). The per-
formances of the algorithms (A’) with (30) will be compared with that of the algorithms (A)
without adaptation in the next section by simulation. The simulation results demonstrate that
the adaptive algorithm (A’) needs less samples to reach the separation than the fixed algorithm

(A4).

6 Simulation

In order to show the effect of the on-line learning algorithms (A’) with (30) and compare its
performance with that of the fixed algorithm (A), we apply these algorithms to separate sources
from the mixture of modulating signals or the mixture of visual signals. For the algorithm (A),
we can use various fixed ®(y). For example, we can use one of the following functions

(a) fly) =y
(b) f(y) = 2tanh(y)
(€) Fly)= Syl 4 15y0 — LayT_ 29,5 29,3

to define ®(y) = (f(y1), -+, f(y))T. The function (c) was used in (Amari et al. 1996) by
replacing x5 and x§ by their instantaneous values:

kG~ (ya)®, K~ (ya)' = 3.

We also compare the adaptive algorithm (A’) obtained from the Gram-Charlier expansion
with the adaptive algorithm (A”) obtained from the Edgeworth expansion.

6.1 Modulating source signals

Assume that the following five unknown sources are mixed by a mixing matrix A randomly
chosen:

s(t) = [sign(cos(2m155t)), sin(27800t), sin(27300t + 6 cos(2760t)),sin(2790t), n(t)]T.  (31)
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where four components of s(¢) are modulating data signals, and one component n(¢) is a noise
source uniformly distributed in [—1,+1]. The elements of the mixing matrix A are randomly
chosen subject to the uniform distribution in [—1,+1] such that A is non-singular.

We use the cross-talking error defined below to measure the performance of the algorithms:

_ i N~ Pl
E ;(; maxy, |pik| D+ ;(; maxy |pk;| 2
where P = (p;;) = WA.

The mixed signals are sampled at the sampling rate of 10K Hz. Taking 2000 samples,
we simulate the algorithm (A) with fixed ® defined by the functions (a) and (b), and the
algorithms (A’) and (A”) with the adaptive ®, defined by (28) for which the functions f and g
are defined by (26) and (29) respectively. The learning rate is a constant. For each algorithm,
we select a nearly optimal learning rate. The initial matrix is chosen as W (0) = 0.5 in all
simulations. The sources, mixtures and outputs obtained by using the different algorithms are
displayed in Figure 1. In each sub-figure, four out of five components are shifted upwards from
the zero level for a better illustration. The sources, mixtures and all the outputs shown there
are within the same time window [0.1,0.2]. It is shown in Figure 1 that the algorithms with
adaptive @, need less samples than those with fixed ® to achieve separation.

The cross-talking errors are plotted in Figure 2. It is shown in Figure 2 that the adaptive
MMT algorithms (A’) and (A”) outperform the ME algorithm (A) either with fixed function
(a) or (b). Note the cross-talking error for each algorithm can be further decreased if more
observations are taken and an exponentially decreasing learning rate is chosen.

6.2 Image data

In this paper, the two basic algorithms (A) and (A’) are derived by ME and MMI. The as-
sumption that sources are independent is needed as a sufficient condition for identifiability. To
check whether the performance of these algorithms is sensitive to the independence assump-
tion, we test these algorithms on correlated data such as images. Images are usually correlated
and non-stationary in the spatial coordinate. In the first row in Figure 3, we have six image
sources {s;(z,y),i=1,---,6} consisting of five natural images and one uniformly distributed
noise. All images have the same size with NV pixels in each of them. From each image, a pixel
sequence is taken by scanning the image in a certain order, for example, row by row or column
by column. These sources have the following correlation coefficient matrix:

[ 1.0000  0.0819  —0.1027 -0.0616 0.2154  0.0106
0.0819  1.0000  0.3158  0.0899  —0.0536 —0.0041
—-0.1027 0.3158  1.0000  0.3194  —-0.4410 —-0.0102
—0.0616 0.0899  0.3194  1.0000 —0.0692 —0.0058 |’
0.2154  —-0.0536 -0.4410 —-0.0692 1.0000  0.0215

| 0.0106 —0.0041 -0.0102 -0.0058 0.0215  1.0000

R, = (cij) =

where the correlation coefficients c;; are defined by

52, (5i(m9) =5 (5, (0)-5,)

Cij = Nojo;
= % Zx7y Si ($7 y)
1 —
=N Zx,y(si($7 y) - Si)2‘
It is shown by the above source correlation matrix that each natural image is correlated with
one or more other natural images.

5;
2
g;
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Mixing the image sources by the following matrix:

[ 1.0439 1.0943 0.9927 1.0955 1.0373 0.9722
1.0656 0.9655 0.9406 1.0478 1.0349 1.0965
1.0913 0.9555 0.9498 0.9268 0.9377 0.9059
1.0232 1.0143 0.9684 1.0440 1.0926 1.0569
0.9745 0.9533 1.0165 1.0891 1.0751 1.0321

| 0.9114 0.9026 1.0283 0.9928 1.0711 1.0380

we obtain six mixed pixel sequences and their images are shown in the second row in Figure 3.
The mixed images are highly correlated with the correlation coeflicient matrix

[ 1.0000 0.9966 0.9988 0.9982 0.9985 0.9968 7
0.9966 1.0000 0.9963 0.9995 0.9989 0.9989
0.9988 0.9963 1.0000 0.9972 0.9968 0.9950
0.9982 0.9995 0.9972 1.0000 0.9996 0.9993
0.9985 0.9989 0.9968 0.9996 1.0000 0.9996

L 0.9968 0.9989 0.9950 0.9993 0.9996 1.0000

To compute the de-mixing matrix, we apply the algorithm (A’) and use only 20% of the mixed
data. The separation result is shown in the third row in Figure 3. If the outputs are arranged
in the same order as the sources, the correlation coefficient matrix of the output is

[ 1.0000 —0.0041 —-0.1124 -0.1774 0.0663  0.1785
—0.0041 1.0000 0.1469 0.0344 —0.1446 -—0.0271
—-0.1124 0.1469  1.0000  0.1160  —0.1683 —0.0523
—-0.1774 0.0344  0.1160  1.0000 —0.1258 0.0946
0.0663  —0.1446 -0.1683 —0.1258 1.0000 —0.1274

L 0.1785  —0.0271 -0.0523 0.0946  —0.1274 1.0000

Applying the algorithm (A”), we obtain a separation result similar to that in Figure 3. It
is not strange that dependent sources can sometimes be separated by the algorithms (A’) and
(A”) since the MI of the mixtures is usually much higher than the MI of the sources. Applying
the algorithms (A’) or (A”), the MI of the transformed mixture is decreased. When it reaches
a level similar to that of the sources, the dependent sources can be extracted. In this case,
some prior knowledge about sources (e.g. human face and speech) are needed to select the
separation results.

7 Conclusion

The blind separation algorithm based on the ME approach is concise and often very effective
in practice. But it is not yet fully justified. The MMI approach, on the other hand, is based
on the contrast function MI which is well justified. We have studied the relation between the
ME and MMI and prove that the ME will not update the de-mixing matrix in the directions
of increasing the cross-talking at the solution points when all sources are zero mean signals.
When one of sources has a non-zero mean, the entropy is not maximized in general at the
solution points. It is suggested by this result that the mixture model should be reformulated
such that all sources have a zero mean in order to use the ME approach.

The two basic MMI algorithms (A’) and (A”) have been derived based on the minimization
of the MI of the outputs. The contrast function MI is impractical unless we approximate it.
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The difficulty is to evaluate the marginal entropy of the outputs. The Gram-Charlier expansion
and the Edgeworth expansion are applied to estimate the MI. The natural gradient method is
used to minimize the estimated MI to obtain the basic algorithm. These algorithms have been
tested for separating unknown source signals mixed by a mixing matrix randomly chosen, and
the validity of the algorithms has been verified.

Because of the approximation error, the MMI algorithms have limitations and they cannot
replace the ME. There are cases such as the experiment in (Bell and Sejnowski 1995a) using
speech signals in which the ME algorithm performs better.

Although the ME and the MMI result in very similar algorithms, it is unknown whether
the two approaches are equivalent globally. The activation functions in (A) and the cumulants
in (A’) should be determined adequately. We proposed an adaptive algorithms to estimate
these cumulants. It is observed from many simulations that the adaptive on-line algorithms
(A’) and (A”) need less samples than the on-line algorithm (A) (with non-linear functions such
as 2tanh(z) and 2?) to reach the separation.

The test of the algorithms (A’) and (A”) using the image data suggests that even dependent
sources can sometimes be separated if some prior knowledge is used to select the separation
results. The reason behind this is that the MI of the mixtures is usually higher than that of
sources and the algorithms (A’) and (A”) can decrease the MI from a high level to a lower
level.

8 Appendices

8.1 Appendix A: proof of Lemma 1
Let [|B||<e < 1,then [T+ B|7' =1—tr(B)+0O(¢?) and [T+ B|™' =T - B+ 0O(£?). So
ply;W) =1+B|""r (I+ B)™'y)

1—tI’ Hra Ya ZBacyc‘l'O(gz))

n

(1—tr(B H ra(ya) = D re(ya) IT () D Bacye] + O(?)

a b#a
=r(y) = [tr(B) + >_ 1, (4a) Bacyelr (y) + O(?) (32)

a,c

/ . a(l/a)
where !/ (y,) = ROAR

From the expression (32), we have the linear expansion of C(W) = C((I + B)A™') at
B=0
C(I+B)A™ ) =~ /dy [tr(B) + > _ 15 (ys) Boeyelr (y) log ka (ya)
b,e

from which we calculate —B at B =0. When b # ¢,

B = —Z / dyyer )1y (ys) 10g ka(ya)

= /dyc Yer(ye) /dyb ry(vs)) D[ra(ya)|l9s (va)]
aZc,a#b

/dyycrc yc Hrz yz lb(yb) log k. (yc)
i#£c
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—(/ dy. ycr(yc))(/ dys 14 (o) o (o) log ke (ys))
= ([ dye yer () ([ o am)ro(un) og i (31) (33)
since [ dyry(y) = 0.

8.2 Appendix B: Natural Gradient
Denote Gl(n) = {X € R"*™ : det(X) # 0}. Let W € Gl(n) and ¢(W) be a scalar function.

Before we define the natural gradient of ¢(W), we recapitulate the gradient in a Riemannian
manifold S in the tensorial form. Let @ = (2%), i = 1,---,m, be its (local) coordinates. The

gradient of ¢(x) is written as
~ (991 _ (.
Vo — (M) = (a1),

which is a linear operator (or a covariant vector) mapping a vector (contravariant vector)
X = (X7) to real values in R,

Voo X =5 a; X"

The manifold S has the Riemannian metric ¢;;(«), by which the inner product of X and Y is
written as

(X,Y)=> g XY
Let V¢ = @ be the contravariant version of @ = V¢, such that

Voo X = (Ve, X)

or

ZaiXi = Zgijdin.
Qi — Zgijaj7

where (¢*) is the inverse matrix of (g;;).

It is possible to give a more direct meaning to a@'. We search for the steepest direction of
¢(x) at point . Let € > 0 be a small constant, and we study the direction d such that

So we have

d = argmax ¢(x + <d),
under the constraint that d is a unit vector,
> gijdid = 1.

Then it is easy to calculate that

d' =a'.
It is natural to define the gradient flow in .S by
&= Vo = -1} g0 o(a).
oxd

Now we return to our manifold GI(n) of matrices. We define the natural gradient of ¢(W)
by imposing a Riemannian structure in GI{(n). The manifold GI(n) of matrices has the Lie
group structure : any A € Gl(n) maps Gl(n) to Gl(n) by W — WA, where A = E (unit
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matrix) is the unit. We impose that the Riemannian structure should be invariant by this
operation A.

More definitely, at W, we consider a small deviation of W, W 4 cZ, where ¢ is infinites-
imally small. Here, Z is the tangent vector at W (or an element of the Lie algebra). We
introduce an inner product

(Z, Z>W
at W. Now, W is mapped to the unit matrix E by the operation of A = W1, Then7 W and
W +cZ are mapped to WA = WW ™! = Eand (W+eZ)W ™! = E4+cZW ™! respectively.
So the tangent vector Z at W corresponds to the tangent vector ZW ™1 at E. They should
have the same length (the Lie-group invariance : the same as the invariance under the basis
change of vectors on which a matrix acts). So

(Z,Z)yy = (ZW™ 1 ZW 1 .
It is very natural to define the inner product at E by
(Y. Y)p = u(YTY) = Y ()2
because we have no specific preference in the components at E. Then, we have
(Z,Z)yw = (ZW L ZzZW hp=uW Tz zw™).
On the other hand, the gradient operator d¢ is defined by
W +22) = 400 + g 2
dpoZ =tr(0¢"2) = ——— aW” Zij.

Hence, the contravariant version d¢ is
dpoZ = (3¢, Z)w
= tr(WTagt zw=1)
= t(Ww-194"2),

giving .

oo = wiw Tl
or .

dp = oW w7
i.e. )
Do = doWTW.

Hence, the natural gradient should be

dw

— = —n(Vo)ywiw.,

Note the natural gradient (Vo)W T W is exactly the same as the relative gradient introduced
n (Cardoso and Laheld 1996). Using the natural gradient or the relative gradient leads to
the blind separation algorithms with the equivariant property, i.e., the performance of the
algorithms is independent from the scaling of the sources.
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Figures

Figure 1: The comparison of the separation by the algorithms (A), (4") and (A"):

Figure 2:

Figure 3:

(a) the sources;

(b) the mixtures;

(¢) the separation by (A’) using learning rate mu=60;
(d) the separation by (A”) using learning rate mu=60;
(e) the separation by (A) using 2® and mu=65;

(r) (4)

f using 2tanh(z) and mu=30.

the separation by
Comparison of the performances of (A) (using #> or 2tanh(z)), and (A’) and (A").

Separation of mixed images: the images in the first row are sources; those in the second
row are the mixed images; and those in the third row are separated images.

19



14- sources

10

%

-2 L L L L L L L L L
05 051 052 053 054 055 056 057 058 059 0.6
t

(a)

1 (A" with mu=60
12

10

ol
|

-2 L L L L L L L L L
01 011 012 013 014 015 016 017 018 019 0.2
t
(©)

" (A) with x"3 and mu=65
12

10

L L L L L L L L L
01 011 012 013 014 015 016 017 018 019 0.2
t

(©)

Figure 1:

20

mixtures

N IS

o

-2 L L L L L L L L L ,
01 011 012 013 014 015 016 017 018 019 0.2
t

(b)

14 (A”) with mu=60

-2 L L L L L L L L L ,
01 011 012 013 014 015 016 017 018 019 0.2
t

14

(d)

(A) with 2tanh(x) and mu=30

12
10
8

on

S

L L L L L
.1 011 012 013 014 015 016 017 018 0.19 0.2
t

(f)



error

30

20

10

0
0

250

,,,,,,, — (A) with 2tanh(x)

'\ ......... (A) With X3 .
N — ™)

| | | | | | |
200 400 600 800 1000 1200 1400 1600 1800 2000
iteration

Figure 2:

21



22



